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BCTYII

Kypc «BapiauiiiHe 4YuHCJI€HHS» MOBUHEH 3a0e3NneuyuTH (PopMyBaHHSA
JMIOCATHEHHSI CTYyJACHTAMHW BHCOKOTO PIiBHSA MaTEeMAaTHYHOI MiATOTOBKH 3
pPO3B’sI3yBaHHS ONTUMI3aLIMHUX 3a/ady, 10 3BOASITHCA JO JOCHIKCHHS Ha
ekcTpeMyM (GYHKIIN Ta (YHKIIOHATIB, IO IIMPOKO 3aCTOCOBYIOTHCS Yy PI3HUX
00JacTsX HayKOBO-IIPUPOJAHUYUX AOCTIKEHb. el Kypc BBOAUTH CTY/AEHTIB y CBIT
Cy4aCHO1 MAaT€MAaTUKH, 3HAUOMJISIYMA 1X 3 OCHOBAMHM MAaT€MAaTUYHOIO MOJEIFOBAHHSA
Ta METOJIaMH BHUPIIICHHS PI3HUX KJIAciB 3a7ad 3 JOCHIIKEHHS Ha EKCTPEMyM
¢yHkUid Ta (QyHKIIOHATIIB 32 HAsABHOCTI OOMEXEHb Ta 0e3 Hux. Y MNOoAalblIoOMy
OTpUMaHi 3HAHHS 3HAXOMSITh YHUCJICHHI 3aCTOCYBaHHS SK B IHIIMX CHEIiaTbHUX
po3aiIax MaTeMaTHUKH, TaK 1 B HAaYKOBUX JOCIIDKEHHSIX 3 PI3HUX oOjacTed Ta
HaAIPSIMKIB.

MeTonuyHI BKa3iBKM MarTh 32 OCHOBHY METY 3a Kypcom «Bapiariiine
YHUCJICHHS» OITaHyBaHHS CTYJICHTAMH OCHOBHHMX METOIIB PO3B’sI3aHHS
ONTUMI3AIIMHUX 33J1a4, B TOMY YMCIJI1 13 3aCTOCYBaHHSIM MPUKIAJHUX TTAKETIB
nporpam. [TociOHMK MICTUTHh CTHCJI TEOPETHYHI BIJIOMOCTI Ta 3aBAaHHS J0
CaMOCTIMHOTO OINpaIlOBaHHs 3a MatepiajioM Kypcy. OTpuMaH1 HaBUYKHU Bif
caMOCTiiHOT pPoOOTH CTaHyTh (YHIAMEHTOM 3aCTOCYBaHHS BIAMOBIIHUX
METOJIIB JIOCII/PKEHh Ta aHalli3y OTPUMAHHUX pPe3yJbTaTiB B IIPAKTUYHIN
poOOTI.

CnoniBaemMoch, IO JaHUM >IOHUK  JIOMOMOKE CTyJIeHTaM B
OBOJIOJIIHHI METOJaMH BHUBYEHHS TE€OMETPUYHHUX OO ’€KTIB, = OCHOBHUMHU
MaTeMaTUYHUMHU  MIAXOJAaMH 10 PO3B’SI3KYy TMNPUKIAAHUX  3aaad 13
BUKOPHUCTAHHSAM CYYaCHUX BaXKJIUBUMHU PO3JAUIAMUA CydYacHOI MaTe€MaTHUKH, a
TaKOXX OyJie KOPUCHUM JUUISI BUKJIaJIaviB M1 Yac poOOTH 31 CTyICHTaAMU.



PO3JILI 1. MOHATTA @®YHKIIOHAJY, BAPIAIIL TA
EKCTPEMYMY

1.1 Cruciai TeopeTu4dHi BigomocTi

1.1.1 IousaTTs Npo PyHKUIOHAJT Ta eKCTPeMYM (PYHKUIiOHATY

Osnavenns 1. Hexaii 3amano mesxmii xmac D ¢ymkuiii y(x). Sxmo
KOKHIN  QyHkuii  y(x) i3 wimacy D 3a nmesKkuM 3aKOHOM CTaBUTHCS Y
BIJITIOBI/IHICTh TMEBHE 4YHCJIOBE 3HA4YeHHS 3MiHHOI |, TO 1m0 3MiHHY [
Ha3MBalOTh (PYHKLIOHAJIOM BiJl OAHIET (YHKI[IOHAIBbHOI 3MIHHOI y(x) 1
nosxauaots | =1 [y]=1 [y(x)]

Knac D ¢ynkiiin y(x), Ha SKUX BU3HAYCHUU (PyHKI[IOHAJI, HA3UBAIOTh
oOyacTi0O BU3HaueHHs @QyHKIioHaimy. Ilpu usomy QyHKIIA y(x) €
HE3aJIe)KHOI 3MIHHOK (QyHKIioHany. DyHkIii 13 oOnacti Bu3HaueHHs D
naHoro  ¢yHKuioHany /  Ha3uBalOTh  (QYHKIISIMM  OOPIBHSHHA  a0o
nonyctumMuMu  GyHkIiisMu. KoxHy QyHKITIIO y(x), sKka HaJlexuth D
dbyukionany [I/y/, po3risiiaroTh SK TOYKY (€JIEMEHT) AEsIKOI MHOXHWHH
(mpoctopy) ynkmin. IIpoctopu, enemMeHTaMu SKUX CIyXaTh QYHKIIIT,
HA3UBAIOTHCS (PYHKIIOHAIBHUMH MpoOcTOpaMu. TakuM 4YMHOM, (PyHKIIIOHAI
— ne QyHKIiA, B AKOi 3HAUCHHAMM He3alexHOi 3MinHOI Y(X) € Touku
(enemenTH) (QYHKIIIOHATBHOTO IPOCTOPY, a 3HAYCHHSIMHU 3aJIS)KHOI 3MIHHOT [
— YHCIAa.

Posrsinarote TaKoXX (PYHKIIIOHAIW BIJ JIEKUIBKOX HE3aJCKHUX
(pyHKITIOHATLHUX 3MIHHUX.

O3unauenns 2. Skio ckinuenHoMy Habopy byskuii Yq(X), Y2 (X),..., Yp(X)
3 TIEBHOT'O Kiacy (yHKIIM D cTaBUTBCS y BIAMOBITHICTD 3a ACSIKUM 3aKOHOM TICBHE
YHUCJIOBE 3HA4YCHHsA 3MiHHOI [, TOo [ Ha3uBaroTh (YyHKIIOHAJIOM Big N
(YHKIIIOHAJIBHUX ~ 3MIHHHX 1 MO3HAYAIOTh BIITIOBITHO y  BUIUIIII
L= 1[y2,¥2...., Yn]= 1[ya(x). y2(x)..... yn ()].

Hamanmi Oynmemo po3risgatd, B OCHOBHOMY, (PYHKIIIOHAN BUTIISITY

b
I[y]: IF(X, Y, y')dX, 00JIacTIO BU3HAYEHHS SIKOTO CIYXXKUTh Kilac (QYyHKIIN
a

Cl[a,b], 10 BHU3HAYCHI Ta HEMEPEpPBHI pa3oM 3 MEPIIOK TMOXITHOK Ha
Bizpisky [a,b].

O3HayenHsa 3. BiacTaHHIO HYJIBOBOTO TIOPSAKY MiXK (YHKIISIMA
(rimismu) Yy =yq(X) i y=y5(X) ma Bigpisky [a;b] HA3UBA€THCS HEB1J €MHE

YHUCJIIO



po = polyr y2)= max [y1(x)-ya(x) (1)
a<x<b

I[Ipy npoMy BBaXa€ThCs, LIO PO3MIISIAYBaHI (YHKINT Y1(X) 1 yz(x)
HETIEpPEPBHI HA BiPi3Ky [a;b].

O3navenHs 4. BiacTtaHHIO NEpUIOTO HNOPSAKY MDK (QYHKIISIMU
(TiHIIMR) y:yi(x) 1 y:yz(x) Ha BIAPI3KY [a;b] HA3UBAETHCSI HEBIJ €MHE
YUCIIO

pr=p1(Y1,y2)= max |yg(x)=yo(x) + max |y’ (x)-y'2 (x). 2)
a<x<b asx<b

[Ipy npoMy BBaKa€eThCs, IO PO3TISIAYBaHl (PYHKIIT Y1(X) 1 yz(x)
HEIEepepBHI Pa30oM 31 CBOIMU IEPUIMMHU MOX1THUMHU Ha BlAPI3KY [a;b].

O3navennsa 5. Hexait D1 — pgeskuii kiac (QyHKIIHA TOpIBHSHHS
(mamHOXHUHa oOnacTi Bu3HaueHHs D) dyukmionany | = I[y]. DyHKITIOHA

I = I[y] Mae B 1bOMYy Kiiaci D1 aOcomtoTHUl MiHIMyM (MakCUMyM), SIKUH

peanizyeTrbcs (PYHKIIERO y(x), SIKIIIO JJIs  AOBUIBHOT (PyHKITIT y(x)e Dy

BUKOHYETHCS PIBHICTh!:

Iy 1y()] (1Ty()]< 1]y(x)). (3)

Osnavenns 6. ®ynkuionan | = I[y] mae B kmaci D noxansHHMA 260
BITHOCHUU MIHIMYM (MakCHUMyM), IKMH peajli3yeTbCcs (GyHKIIE Y (X), SIKIIIO
JUIL  JOBIIBHOT  (DYHKITIT y(x)e D;, sxa Omu3pka 10 ¢yHKUIl Yo (X),

BUKOHYETHCS PIBHICTh!:

yC)l= 1yo ()] (1y(x)]< Hyo (x)]) (4)

3ayBaxeHHs 1. MakcumymHu i MiHIMyMHU Ha3UBaIOTh €EKCTPEMYMaMHU.
3ayBaxeHHss 2. SIkmio ONM3BKICTh (PYHKIIHA PO3YMIETHCS B CMHCIHI
BiZcTaHi HyJIBbOBOro TMopsanKy, To6to og(Y(X) yo(X))<e&, ne & >0 — mocuts

Maje YUCJ0, TO TAKUM BITHOCHUM €KCTPEMYM HAa3UBA€THCSI CUIIBHUM.
3ayBaxeHHss 3. SIkmo ONM3BKICTh (PYHKINIHA PO3YMIETHCS B CMHCIHI
BifcTaHi mepioro mopsaaky, Tooro p1(Y(x),yo(x))<ée, ne £>0 — nmocuts

MaJjie YUCJI0, TO TAKUW BITHOCHUW €KCTPEMYM HA3UBAETHCS CIAOKUM.

HaBenemMo reomerpuyHy IHTEpHpETAIlil0 HAOMMKEHHS JIHIA Yy
pPO3yMiHHI BiJICTaHI HYJbOBOT'O MOPSAKY (puc. 1, koopauHaTH JiHIN OJU3bKI,
a HaOpsMK{A JOTUYHUX CYTTEBO BIJIPI3HSIOTHCSI) Ta BIJACTaHI IEPIIOTO
nopsiaky (puc. 2, OMU3bKI HE TIIBKH KOOPJWHATH JIBOX JiHIH, a 1 HAIPSIMKH
JIOTUYHUX ).



Puc.1 Puc.2

Maemo HacTyITHI BUCHOBKH.

3ayBaxxeHHs1 4. AOCOJIOTHHM EKCTPEMyM THUM Madye € BiJHOCHUM
excTpeMyMoM. OOepHEeHe TBEPIKEHHS, B 3arajJJbHOMY BHIIaJIKy, HEBIPDHE.

3ayBaxeHHs1 5. CUIbHUN BIJTHOCHUN €KCTPEMYM THUM Ilaye € CIa0KUM
exkcTpeMyMoM. OOepHEeHe TBEPIKEHHS, B 3arajJJbHOMY BUMAJIKy, HEBIPHE.

[Ipy HaCTYmHMX JOOCHIIKEHHSX PO3IISLAaEMO CJIA0OKWM BIIHOCHUH
EKCTPEMYM.

TakuM 4YMHOM, OCHOBHA 3ajlaya BaplaliiHOrO YHCIJIEHHS IOJISATae y
JIOCITIJKeHH1 (PyHKI[IOHAy HA €KCTPEMYM.

1.1.2 Knacu4Hi 3aaa4i BapianiliHoro 4yMcjieHH

3amaua npo MaKCHUMAaJbHY HIBUIKOiI0 (3Gamaua npo
OpaxicToxpoHy). 3HAWTH KPUBY, PO3MIIIECHY Y BEPTUKAIbHINA MJIOMINHI, IO
3’€¢qHy€ OBl 3aJlaHl TOYKH A(a; ya) i B(b; yb), [0 HE HaJeXaTh ONHIN
BEpPTUKAJbHIA MNpsAMINA, 1 TaKy, IO MaTepialibHA TOYKA, PYXalOYUCh MO IIiH
KpHUBIM I MI€I0 CWIM TSOKIHHSA 3 TOYKHM A 0e3 I0YaTKOBOI IIBHIKOCTI
IOCsTHE TOYKU B 3a HalMeHIMii IpoMi»OK Jacy (puc. 3).

AHamiTUYHE dbopmyarOBaHHS 3amadi: cepen HENepEepBHO
nubepeHiioBauX (GYHKIIN y(x) 3HAWTH Taky, sKa JOCTaBis€ MiHIMyM

dbyHKIIOHATY

1+y

|[Y]::z‘—f3§7——

dx (5)

3a kpaiioBux ymosax Y(a)=yg; y(b)=yp.



< V

vy B(b;J/b)

Puc. 3.

3amaya npo reoae3nyHi Jinii. Hexait Ha moBepxHi (o(x, Y, Z) =0 3agano
JBl TOYKHU A(Xl; Y1, Zl) i B(Xy;Y2:;25). Cepen Bcix miHiii, siki HanexaTh naHiii
MoBepxHl 1 3'e1HYI0Th TOUKH A 1 B, obpatu 1y, nyra AB skoi mae HalimeHITy
JOBXKUHY .

AHamiTUYHE dbopmyroBaHHS 3ajaui: cepen HENEPEPBHO
nudepenuiiiopaux ¢yuxiii  X(t), y(t), z(t) napamerpa t 3maiitm Taki, sxi
3a70BOJIBHAIOTH piBHAHHS 3B'13Ky @(X(t), y(t),z(t))=0 i nocTapnsroTH MiHIMYM

dbyHKITIOHATY

Iy, y.2]= @) + (O + (2 0) Pt ©)

ty

32 KpaoOBUX YMOBaxX

X(t1)=x; y(t1) = y1; 2(ts) = 22;
X(tz)=xXg; Y(t2) = y2: 2(t2) = 25.

I3onepumerpuuHa 3agaua (3agaua Jlino). Hexait Ha oci OX 3amaHo
Bl TOYKH A(a;O) i B(b;O). Cepen Bcix miHil 3amaHol moBxuHH |, sxi
3'emHyroTh Ha TwromuHi OXy mi Toukm A 1 B, BuOpatu Taky, mo pasom 3

BijIpizkoM AB oOmexye HalObIy 1uromry (puc.4).
AHaliTu4He dbopmyTrOBaHHS 3ajaui: cepen HETIEPEPBHO
nudepeHIiioBHUX (YHKITIN y(x) BUOpaTH TaKy, sSKa 3aJI0BOJILHSE PIBHSIHHS

3B'SI3KY

b 2
[y1+y“dx=I (7
a

8



1 JOCTaBAs€ MAaKCUMyM (QYHKIIOHATY I[y]:Jy(X)dX IpA KpamoBUX
a
ymoBax y(a)=0; y(b)=0.

A

y

A¥.0) Bh.0)” ~

Puc. 4.

1.1.3 Bapiauis ¢yHkUii Ta HemepepBHICTH PyHKLIOHATY.
Jlinivinuii pyHkuionaJs, papianii pyHkmioHaay

Osnavenns 7. Hexait ¢ynxuioman | =I[y] Busnauennii ma xmaci
dbynxkiin D, y(x) 1 §(x) — noBiIbHI GyHKINT maHoro Kiacy D. dyHKIis, sKa
JIOPIBHIOE PI3HHIN (PYHKITIH y(x) 1 y(x), HA3WBA€ThCSI TPUPOCTOM abo
Bapiamiero aprymenty y ¢ynkmionany I[y] i mo3masaetscsa 8y y BUrIsAmi
& = y(x) = y(x) - y(x). Toni y(X)=y+dy. Pizanns
Al = Ally,8y]= 1]y +]-1]y] masuBaerscs mpupocrom ¢ymkuionany I[y],
SIKMW BiJIIIOBiae Bapiallii dy aprymMeHry.

3ayBaxkeHHd 6. [ToxinHa Bapiamii QyHKIIIT TOpiBHIOE Bapiallil MMOXiTHOT:

JliticHo, mMaemo:
(&) = (00~ y(x)) = ¥(x)-y' ()=
O3HavyenHsa 8. OyHKIIOHAT I[y] HA3WBAETHCSI HETICPEPBHUM HA KPUBIH
y = y(x) B pO3yMiHHI BifcTaHl K—TOro mopsjaky, sIKIo 3a JOBUIBHO 3aJaHOMY
>0 3naimerscst Take O >0, MO TpW BUKOHAHHI YMOBHU P (y, yo)<5

CHpPaBIKyeThCs HepiBHICTH |Al| =|I [y]-1 [yo] <e.

9



Osnavennsi 9. O@ynkuionan |[y] wHasuBaerhcs mimiitamM, sKIIO
BUKOHYIOTHCS YMOBHU:

1) ¢pyHkmionan Big anreOpaiyHoi cyMu (YHKIIH TOPIBHIOE BiAIOBIIHIN
anre6paiuniii cymi pynxiionanis, To6to 1[y; +ys = 1[y1 ]+ 1[y2];

2) cTanuii MHOKHUK MO’KHA BHHOCHTH 3a 3HaK (YHKIIOHATY, TOOTO
Hey]=clly].

O3Hauyenns 10 (mepume o3HayeHHs Bapiauili ¢pyHKuionamuny). Sxmo
JUTsl JOBUJILHO MaJloi Bapiallii apryMmeHTty 8y npupicT GyHKIioHany Al MoxxHa
MoJaTh Yy BUIJISIII CyMH TOJIOBHOI YAacTHUHH, JIHIMHOI BIZHOCHO dy, Ta

HECKIHYE€HHO MaJiol BUIOTO MOPSAAKY MOPIBHSHO 3 dY :

Al = L[y, Ay]+ Aly, Ay]

e L[y,Ay] — JMIHIAHUN BITHOCHO 8y (DyHKIIIOHAJ,

ﬂ[y,Ay] — HECKIHYEHHO MaJIMil BHUIIOTO MOPSJAKY MOPIBHSHO 3 Oy
bynxuionan Ay, Ay]=o(d),
TOOTO

Aly.]=rly. o] max|sy|

ne lim  yly,%]=0,
max |dy| -0

TO camM (pyHKIiOHAT I[y] Ha3WBa€E€THCS BaApiMOBHUM, a TOJIOBHA JIiHIMHA
BiTHOCHO 8y YacTHHA HOTo IPHUPOCTY L[y,Ay] Ha3WBa€ThCS JTUPEPEHITIAIIOM

abo Bapiamiero QyHKIIIOHATY 1 MO3HAYAETHCS J/ -

A =Lly.8] al=a+ply, o]
ne Aly.&y]=o(%).

[Tpu nocnimxenHdi GyHKIIOHATIB Bapiaiisi GyHKI[IOHATY BiAIrpa€ poJb,
AHAJIOTIYHY TiH, Ky BUKOHYE€ MpHU AOCHIDKeHHI (QyHKIINH audepeHiia.
HaBEAEMO BIAMOBIAHICT, TMOHATH JAUMEPEHIIATBPHOTO Ta BapiamifHOTO
qucieHb (Tadun. 1).

3ayBaxeHHs 7. Bapiamiro 6 Ha3uMBaIOTh TAKOX Bapiaili€lo MEPIIoro
MOPSAKY a00 mepIroro Bapiaricro GpyHKIioHamy | [y]

10



Tabmui 1. BianoBiIHICT NOHATH AU(EPEHLIATEHOIO Ta BaplallliHOrO YHCIICHb

JudepenuianbHe YMCIeHHSA Bapiauiline yncieHHs
ApPryMeHT — 4HuCJI0Ba 3MIHHA X AprymMeHT — uuciaoBa QyHKIISA y(x)
3ajexkHa 3MiHHA — YHCJIOoBa Y 3ajexHa 3MiHHA — 4guciioBa |
[Tpupict aprymenty Ax Bapiauist aprymenty oy
[Tpupict pyHKLIi Ay [Tpupict ¢pyHkuionamy Al
Hudepenmian Gyukii dy Bapiariis ¢pyHkiionany ol

Hpyruit nudepentnian QyHKIi d? Hpyra Bapianis pyHKIiOHATY O 2]
p y y

Heob6xigHa ymoBa eKCTpeMyMYy: Heo6xigHa yMOBa eKCTpEMyMY:
dy=0 =0
CrauionapHa Touka QyHKIIT Cramionapna  ¢yHKiss  (Iormyctuma
eKCTpeMalib) (PyHKIIIOHATY
JlocTaTHs yMOBa €KCTPEMYMY: JlocTaTHsI yMOBa €KCTPEMYMY:
d2y>0—min, 52I>O—min,
d2y<0—max 521 <0 — max

Bapiartiro 1pyroro mopsiaKy BBEJIEMO aHAJIOTT4HO TOMY, SIK 11 pOOUTHCS
mist  audepeHmiama apyroro mnopsaky ¢yskmii. BizeMeMo  10OBiIBbHY
IorycTuMy (QyHKIIIO Y = y(x) 1 TOBUIBHY T1i BapiaIllito §y=5y(x) TaKy, IO
dbyHKITA Y+ Y € T0IMyCTUMOIO (DYHKIIIETO.

3adikcyemo Yy Ta Jdy 1 pO3TITHEMO OJHOMApPaAMETPUUHY CIM'I0 (QYHKITIH
§:y+a5y, ne o — jnaeske uywucio. DyHKHIioHAT I[y] Ha BKa3aHid ciM'i
(byHKII1# € QYHKITIEO mapaMeTpa o I[y + a5y] = (D(a).

Posknagemo 1o ¢yHkKio 3a ¢popmynoro Teimopa 10 KBaaApaTUIHOTO
YJICHA BKJIFOYHO B OKOJIi Touku o =0:

ly+adrl=1ly)+{ iy e

a

2
.a+%{;_2'[3’+a@]} a® +Ry(y,&,a), (8)
O£=0 0(=0

ne samumkoBuii uwieH Rp(Y,0Y,@) € HeCKiHUEHHO MAalOI0 BHILOTO
MOPSIJIKY NOPIBHSIHO 3 a’: Rz(y, o, a) = 0(052).

Toxi BapiallisiM TMEPLUIOrO Ta APYroro IMOPSJAKY MOXHA JaTH Taki
O3HA4YCHHSI.

11



Os3nauyennsas 10 (apyre o3HayeHHs Bapiauii ¢QyHKUioHaIy).
Bapiarmiero abo nepiioro Bapiali€ro QyHKIIOHATY ol Ha3UBAETHCS 3HAYCHHS
Nepuoi NoxXiAHO1 QyHKIIT CD(a) = | [y + a5y] npu a =0:

é1=é1[y,5y]=dil[y+aﬂ - (9)

o a=0

Hpyroto Bapiaiiero ¢pyHKIIOHATY ab0 Bapiali€ro APYyroro MopsaKy o 2|
HA3MBAETHCS 3HAUYCHHS IPYTroi MOX1AHO1 PyHKIIIT CD(a) = [y + a5y] npu o =0:

2, d?
) |=—2|[y+a@/ . (10)
da 2=0

Ha npakTuui 3py4Hiiine KOpuctyBaTuch o3HaueHHsimu (9) ta (10).

1.2 lIpukaaam po3B’A3aHHS 3a/1a4

Mpukaag 1. O6uncnutu  QyHKIIOHAT OpU  3aJaHUX  3HAYCHHSIX
apryMeHTy:

a) I[y]=y(4) mpu y; =Vx+5 Ta y, :COS3TﬂX.

Po3B’s13aHHS:

I[y1]=+4+5=3;

1y ]= coslzT” = c0s37 =-1.

Bimmosings: 1[y;]=3, I[y,]=-1.

6) I[y]= lim y npu y=arctg(x+2).

X—>400
Po3B’ga3adHs:

I[y]= lim arctg(x+2)=2=

X—>+00 2

Bigmosias: | [y] = %

12



B) 1[y]=y'(0) mpn y; =5tg*x°.

Po3B’sa3aHHsd:

I[yl]:(5t92x3) =10tgX - ——5— -

x=0 Cos” X x=0

Biamnosins: 1[y;]=0.
1, _

r) 1[y;]=[y“(x)dx mpu y; =sin 37x.
0

Po3B’s13aHHs:

1 11_ 1 1
I[y]:jsin237zxdx:jde:ljdx—ljcosde:
1
0 0o 2 20 29
T
=—X ——sSinbmx =-.
0 1372' 0 2

Biamnosine: 1[y] :%

2

m 1[yg,21]=Ty3zdx npu y; =cosx ta z; =sin®x.

o —nNN

Po3B’s13aHHS:

z T
2 2
1[y1,21]= Tcos® xsin? xdx = Jsin? x - cos X - cosxdx =
0 0
sin X =u; du = cosxdx 1
’ 1 ud ol 2
=|cos® x=1-u? :Juz(l—uz)du: ——— | ==
0 3 5 15

Uy =sin0=0;up :singzl

BignoBiae: I[y, Z]=%.

13



IMpukaan 2. 3HaiiTd BIACTaHb IEPUIOTO MNOPSAAKY MIK KPUBUMHU

y1(x)= x? i yo(x)=x ma Bimpisky [01].
PosB'a3zanns:

pr= max |y1(x)— yo(x) + max |y (x)—y'2 (x).
0<x1 0<x1

Posrustemo Zg(X)=y1(X)— yo(X)=x% —x i z1(X)=y'1 (X) = y'» (X)=2x - 1.

3HaiiaeMo X HalOJIbIIl Ta HAMMEHII1 3HAYE€HHS Ha BIJIP13KY [O;l]:

7'0(x)=2x-12'9(x)=0; X1=%;
2
1 1 1 1
20(0)=0; 20(5}(5) _(EJZ_Z; 20(1)=0;
. 1
max zp(x)=0; min zp(X)=-=:
0<x<1 O( ) 0<x<1 0( ) 4

7(0)=-1 z1(1)=1,

max z1(x)=L min z;(x)=-1.
0<x<1 1( ) 0<x<1 1( )

Toni maemo:

max X)— X)= max |zo(X)=0;
OSXgl‘yl( ) y2( )‘ OSXSl‘ 0( X

maxl\ y'1(x)-y'2(x) =

=1
0<x< <3)S(1‘ Zl(X)‘

0<

p =0+1=1.

Bigmosine: p =0+1=1.

b
Hpukaan 3. 3HaliTi Bapiamito (QyHKIIOHATY I[y]: jy(y+ 2sin X)dX,
a
KOPUCTYIOUHCH TEPIIUM O3HAYCHHSIM SIK TOJIOBHOI JIHIWAHOI BITHOCHO JY
qacTUHH TIpupocTy Al .
Po3B'sizanHs:
3HaiiieMo npupicT GyHKIIOHATY Al !

14



= [(y + Ny + & + 2sin x)dx — jy(y +2sin x)dx =

QJ'—~C7

b
:J( 2 4y +2ysinx + y5y+(5y)2+23inx-5y)dx—
a
b _ b( _ . , _
—jy(y+25|nx)dx:j(y +2ydy + 2ysinx + (dy)” + 2sinx- &y — — y°— 2ysin x)dx =
a a

?(23’53/ +(3y) + 2sinx- 5y)1x = 2?(y +sin x)dydx + ?(5y)2dx
a a 3

b
BinnoBink: 3a nepuiuM o3Ha4Ye€HHSAM Ol = 2j(y +sin X)@dx :
a

b
IMpuxaan 4. 3HaiitTn  Bapiamniro  (QyHKIIOHATY I [y] = X\/ydx,
a

KOPUCTYIOUHMCH JIPYTMM O3HA4YeHHSIM Bapianii (yHKIIOHANy SIK MOXIAHOI 1O
napamerpy.

Po3B'a3anHA:

3rilHO APYroro o3Ha4YeHHs Bapiallii QyHKI[IOHATY MaEMO:

b b :
é]zifxq/y+ad/dx4 =j(x1/y+a@/)adx =
da g a=0 @ a=0

1b Xy d‘ 1bx§ydx

20 2 1/y+a af

b 1 |
—iX°m‘(y+a@/)adx

xéyo|

BinnoBink: 3a Apyrum o3Ha4YeHHSIM O = \/_
24

1.3 3aBaaHHsA AJsl CAMOCTIHHOIO ONMPaANIOBAHHSA

1. O6uncnut 3aganuii  (GYyHKIIOHAT TIPU 3aJaHUX 3HAYCHHSIX
apryMeHTYy.

1.1. I[y]= lim y npu y—3X +5X+100

X—>+00 7-6x3
2.2

1.2. 1[y]=[y“(x)dx; y; = coszx; y, = Inx.
0

15



1
1.3. I[y]=[(2y —3xy')dx; y; =sin 22x; y, = arctgx.
0

1.4. 1[y]=y'(3) mpu y; = (5x +3)e37.

2. 3HalTU BIJCTaHb HYJIBOBOTO IOPSAKY MIK 3aJaHMMU KPUBUMH Ha
BKa3aHUX BIJIPI3KaxX.

2.1. y=y1(x)=sin3x; y = yo(x)=sin x; [0;%]
2.2. y=yi(x)=xe""; y=ya(x)=0;[07]
2.3. y=y1(X)=/%; y = yo(x)=/xIn x; [e_3;1J

2.4. y=y1(x)=tg2x; y = y,(x)=sinx; [Oi%J

3. 3HaiiTH BIJICTaHb NEPUIOTO MOPSIJAKY MIXK 3aJaHUMH JIHISIMA Ha
BKa3aHUX BlJIpi3Kax.

3.1 y=y(X)=x%; y=yo(x)=Inx; [L;e]

3.2. y = y1(x) = 2arctgx; y = yo(x) = x; [O; \/§]
3.3. y=y1(X)=xy=y5(x)=Inx; [e_l;eJ

3.4. y=y1(X)=vx; y = yo(x)=Inx; tl;eZJ

4. 3naiiTu Bapialito &/ I 3aJaHOro QyHKIIOHAITY.

2

4.1. l[y]= [y-arctg2ydx.
0
3

4.2. 1[y]=Jy(y +3x)dx.
0
e

4.3. 1[y]=TyIn(x+ y')dx
1

4.4. 1y]= i(w +(y) )dx.

16



PO311JI 2. HEOBXIJITHA TA JOCTATHA YMOBU EKCTPEMYMY.
JANPEPEHIUIAJIBHE PIBHSAHHS EKCTPEMAJIEAN

2.1 CtucJi TeopeTHYHI BiIOMOCTI

2.1.1 HeoOxinHa ymoBa ekKcTpeMymMy PyHKIIOHATY

Sk BiZOMO, HEOOX1JIHA YMOBA €KCTpeMyMy (PYHKIIT NOJIsIra€ B piBHOCTI
Hyao 11 audepeHmiaza. AHaIOrigyHO, A8 (YHKIIOHATY CHOpaBeajnBa
HAaCTyIHa Teopema.

Teopema 1 (HeoOXigHa ymMoBa ekcTpemMyMmy B BapiauniiiHiii ¢opmi).
Sxmo QyHKuioHA I[y] Mae Bapiauito ol 1 jgocsirae Ha JAesKid (yHKIIT
Yo = Yo (X) eKCTpeMyMy, TO WOro Bapiaiis Ha LI QYyHKUIT JTOPIBHIOE HYJIIO:
Alyo, y]=0.

JloBeneHHs:

PosrisitHemo onHONapamMeTpuyHy CiM't0 QYHKIHN yo+ady, e o — Aesike
uyucno. Ha Bkaszaniit cim'i pynkuiii pyukuionan I[y] € pynkuiero napamerpa o
Ay, ]=®(a), sxa 3rigHo 3 ymMoBOIO TeopeMu Mae ekcTpeMyM mpu a=0.

V BIAINOBITHOCTI 3 HEOOXIJHOK YMOBOK €KCTpeMyMy (QYHKIIT MaeMO
dP(a) =0, TobTO i I [yo +a@/] =0. 3rigHo 3 APpYruM O3HAUYEHHIM

da da =0
BKa3aHa IoXi/JHa € Bapialli€ero pyHKiionany ol [yo : 5y]
Orxe, A[yg,d]=0.

O3navennsa 11. ®ynkuii, Ha gKuUX Bapiamisg (QYyHKIIOHANIY ICHYE 1

a=0

JIOPIBHIOE  HYJIK, HA3WBAIOThCA  CTallioHapHUMHU  QyHKHisiMmu  abo
JTOMyCTUMUMHU €KCTPEMAaJISIMHU.

2.1.2 IndepennianibHe piBHAHHA eKcTpeMaJiel

3amaya Ha exkcTpeMyM (PYHKHIOHAJY 3 3aKpilVIEeCHUMHM KiHUAMH

(Bapianiiina 3amaya 3 3akpilvieHHMHM KiHOsgMH). 3HaUTH MIHIMYM
X2

(makcumym™) dynkmionany 1[y]= JF(x,y,y')dX mnpm xpaifoBux ymoBax
X1

y(xl):yl; y(xz):yz cepen HemepepBHO AUPEPEHINIHOBAHUX Ha BIAPI3KY

[X1;X2] byHKITIH y:y(x)y, e X1,X2,Y1,Y2 — Bimomi umcna. OCKIIbKH B

JIaH1¥ 3aJ1a4l BC1 JOMYCTUMI KPUBI, cepell SIKUX IIYKA€EThCS Ta, 110 JOCTAaBJISIE

ekcTpeMyM (QYHKIIOHaNTy, HOPOXOJSTh Yepe3 OBl Pi3HI HEPYyXOMi TOUYKHU

A(Xi;yl) 1 B(Xz;yz), TO IIOCTaBJIEHA 3aJlaya Ha3UBA€THCS BaplalliiHOO

3a7a4€I0 3 3aKPIMJICHUMH KIHIISIMH.
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X2
Teopema 2. Jlonyctumi exctpemani pynkuionany 1[y]= JF(x,y,y')dx 3
X1
3akpimnenumu Kinmsamu Y(X;)=y1; Y(Xo)=y,, BU3HauaroThCA AK PO3B'SI3KH

d

IudepeHiaJbHOrO  PiBHSHHS F'y——x F'y=0 npu xpaiioBux ymoBax

y(a)=y1: y(x2)=ya.
Osznauenns 12. JludepeHuiagbHe pIiBHSIHHS JpPYroro MHOPSAKY

d

F'y-——F'y=0 mHasuBaerbcst piBHsHHsAM Eiinepa. Po3s'sisku  piBHsIHHS
X

Eilnepa Ha3uBaloThbCcsid eKcTpemMansMu, a came piBHsaHHA Eiinmepa —

IudepeHuiaJbHUM PIBHSIHHSIM €KCTpeMase.

TakuM YMHOM, JONYCTUMI EKCTpeMalli BHUIUISIOTBCA 31  BCIX
eKCcTpeMaJiel 13 ypaxyBaHHSIM KpalOBUX YMOB.

2.1.3 JlocTaTHi yMOBH eKCTPpeMyMYy

B GaraTrox BapialmiiiHuUX 3ajladyax ICHYBaHHSI Ta XapaKTep €KCTPEeMyMy
OYEBUIHI 3 TEOMETPUYHOro 4u (hi3UYHOTrOo 3MICTYy 3aaadi. SKImo gomycTuma
eKcTpeMalib €aWHa, TO BOHa 1 Oyae po3B'A3KOM BapiamiiiHoi 3aadi. B
3arajlbHOMY BHUMAAKy JIJs TOT0, MO0 BCTAHOBUTHU HASIBHICTH 1 XapakTep
EKCTpEMYMY, Tpeda CKOPUCTATUCH JOCTATHIMU YMOBAMHU €KCTPEMYMY.

Hexait pynkuist Y (X) € JOITYCTUMOIO €KCTpEeMaJLIIO (PYyHKITIOHAITY I[y] B
pO3MISIAyBAaHOMY KJIaci JOMyCTUMHX (QYyHKIIH D;, TOOTO Ha I KpuUBIH
BUKOHYETHCSI HEOOXiJTHA yMOBa EKCTPEMyMY é][yo,éy]:o. Xapakrep
eKcTpeMyMy (MakCMMyM 4YH MIHIMYyM) BH3HAYa€ThCsl 3HAKOM IIPUPOCTY
dyskmionany: skmo Al >0, to dyskmionan mae miHimMyMm, a skmo Al <0,
TO — MakcuMyMm. OCKUIBKM Ha JOIYCTUMIM €KCTpeMasll Tepina Bapiaris
JIOPIBHIOE HYJIIO é][yo,5y]:0, TO 3HAaK NpuUpocTy (QyHKImioHany Al mns
JIOBIJIBHOI JIOCUTH MaJIol Bapiarlii apryMeHTy &/ BU3HAYA€THCS 3HAKOM JPYTOl
Bapiarii GyHKIIOHATTY O 2.

Teopema 3 (mocTaTHA yMOBa eKCTpeMyMmy y Bapiamiiiniidi ¢opmi).
S0 Ha PO3TIIsiIyBaHOMY Kjaci JOMyCTHMUX (PyHKIIH D, IS JOBUIBHOL
JIOCUTH Majioi Bapiamii ¢pyHKIii Jdy Ha AOMYCTHUMINA eKcTpeMali Y (X) apyra
Bapiamisa QyHKIIOHAITY O 2I OOJAaTHS 52I >0, TO Ha Mk ekcTpeMai
(dyHKIIIOHAT Ma€ MiHIMYM, SIKIIO JApyTa Bapiaiis GyHKIIOHATY O 2] Bi'€eMHA

521 <0, To — wMakcuMyM, SIKIIO K Jpyra Bapiarmis (QyHKIIOHATY O 2]

HaOyBa€ 3Ha4Y€Hb 000X 3HAKIB, TO EKCTPEMYMY HEMae.
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IIpy mneBHMX yMOBax 3HaK Jpyroi Bapiamii 521 (byHKIIOHATY

X2
I[y]: / F(x,y,y')dX BH3HAauaeThCs 3HAKOM APYroi MoOXigHOI F"yy. 3Bincu
1

BUILIMBAIOTh JOCTaTHI ymMoBH Jlexxanapa:
1. [Tocuneni pocrtatHi ymoBH Jlexxanapa: SKIIO Ha JONYyCTUMIN
excrpeMani Yq(X) BUKOHyeThCS HepiBHICTH F"yy >0, To Ha wmiit excTpemaii

¢yskionan mae crabkuii MiHIMYM, a SIKIIO HepiBHicTE F'y1y <0, TO —

ClIaOKUH MaKCUMYM.
2. SIxmio B Toukax (X;Y), ski 6nu3bKi 10 gomycTumoi excrpemani Yo(X),

BHKOHY€TBCSI HEPiBHICTE F''yr >0 (F”y'y' < O) MpU JOBUIBHUX 3HAYEHHAX V',

TO ISl EKCTPEMANb peali3y€e CUIbHUN MIHIMYM (CUJIBHUM MaKCUMYyM).
2.2 llpuxkaaau po3B’si3aHHS 32124

IMpuxaan 5. 3aiiTu ekcTpemani QyHKIIOHATY:

1
a) I[y]= (I) (2y = ZW'—(y')Z)dX-

Po3B’s13aHHS:

3HaiiIeMo TOX1aHi, 10 BXOISTh B piBHsIHHS Elnepa:
1 1 1 2 1 . ' ..
Fx.y.y)=2y-2xy'~(y)"; F'y=2 F'y=-2x-2y
d d

—F'y=—(-2x-2y')=-2-2y".
ax Y dx( y') y
Toni piBusiaus Eiinepa F' y—diF'y. =0 HaOyBa€ BUTIAAY:
X
2-(-2-2y™")=0;
abo
y"+2=0.

Po3B'soxeMo osiepkaHe piBHSIHHS

y=[(=2)dx=-2x+Cy; y=J(-2x+Cq)dx=—Xx?+Cx+Cy.
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OT1xe, eKCTpeMaJIsIMU CITYXaTh (QPYHKITIT:
y= —x? + Cix+Cy,

ne C11 C; — AOB1IBHI CTaNl.
Binnosige: y= —x% 4 Cix+Cy, ne C11 C2 — HOBUIBHI CTal.

IMpuxkaan 6. 3HaiiTu ekcTpeMaii (pyHKIIOHANY, IO 3aJ0BOJIBHSIIOTH
BKa3aHUM KpailOBUM yMOBaM (JIOIyCTHUMI €KCTpeMai):

a) 1[y]= i(9y2 ~(y)2 b y(0) =2 y(g] =0.
Po3B’sa3aHHA:

3HaiiieMo TOoX1/aHi, 10 BXOISTh B piBHsIHHS Elnepa:

d

F(x,y,y)=9y? —(y)% F'y =18y; F'y:= -2y, BTy =2y
. y . d
Toni piBusiaus Einepa F Y gy F'y'=0 naGysae Burisiny:

18y-(-2y")=0;  y"+9y=0.
Po3B'siskeMo oieprkaHe piBHSIHHS:
k2+9=0; kg p=%3i.
ExcTpemansimu cityxath QyHKIIIT
y=C1c0s0+C,sin0,

ne Cq, C, — moB1IBHI CcTAI.

3naiiemo 3HaueHHs Ci 1 Cy 3rimHO KpallOBUX YMOB:

C1c0s0+Cosin0=2; Ci =2

Clcos%zdrcz sin%ﬂzo; C, =0.

OTxe, nomycTMa eKcTpeMalib y=2C0S3X.

BignoBiab: y=2C0S3X.
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6) I[y]= (})f dx; y(0)=1 y(1)=0.

Po3B’sa3aHHsd:

3HaiiieMo ToX1Hi, 10 BXOJISITh B piBHsIHHS Eiinepa:

1+ (y')?
F(x,y,y'):—)fy) , F'y=0;

ool 1 2y y' . d E d[ y' }
y':_‘— = — y':— —_— |.
“aLe(yP o oxLe(yP T Ly

d

Toni piBusinus Einepa F'y—d— F'y'=0 nabysae Burisiny:
X

3Biacu

OTxe oTpUMaeMo:

. ~2.2.
y:JLdX: u=1 C12)( ’ :_ijﬂz_i\/aJrCZ:_i 1-C2x% +Cy.
‘/1_(;12)(2 du=—-2C{ xdx 2C; Ju ¢ Cy
OT1xe, MaeMO:
y——t 1-C2x? +C,
C1

a0o B HesABHIN (opMi piBHSIHHS €KCTpemMaei

2 2 _ 1
X“+(y-C2)* == .
C

1
ExcTpemMansiMu cinyXUTh CiM's KijJl, BUKOPUCTOBYIOUHU KpalOBI YMOBH,

3gaxoaumo Ci 1 Coy:

21



02+(1—cz)2_i2; 1-2C, +C2 =—;
Cl C:1
12+(0—c:2)2=i2; 1+c22=i2;
| C C
: o1
~2C;=0; Cp=0; —=1 Cp=1
Cl

Toni X2+y?=1 —nonmycTuMa eKCTpeMaib.
Bignosiae: x?+y?=1.

MMpuxaan 7. Buznauutu ¢gopmy TBEpIOro Tijia, 0 PyXAETHCS B MOTOIII
ra3y 3 HaWMeHIIUM OTNopoM. BBaxkaTu mrykane Tij10 TiJiloM oOepTaHHS.

Po3B'a3adus:

3 ¢p13uuyHUX MipKyBaHb BUIIJIMBAE, IO 3ajladya 3BOJUTHLCS 10 MiHIMI3aIlii
CHUJIN OTIOpPY

|
Iy]= 4z j (y')? ydx

pu kpaioBux ymoBax y(0)=0; y(D=R,
Jie p — T'YCTHHA Tra3y, V —IIBHIKICTh a3y BIJHOCHO TiJa.
3HaiiieMo TOX1aHi, 10 BXOJISTh B piBHSIHHSA Einepa:

Fouy )=y Fy=(% Fy=y-3(y)* =3y(y)?

% Fry= %(Sy(y')z): ?,(y'-(y')2 +y- 2y'-y”)= 3A(y)° +6y- vy

d

Toni piBusiaHs Eiepa F'y—d—
X

F'y' =0 naOyBae BUTJISIY:

(v - (B(y)? +6y-yy')=0;
3y-y-y+y)® =0.
Maemo y=const, Toai y'=0. OctaHHe pIBHSHHS CIPOIIYETHCS:

3yy"+(y")*=0.

Po3B'siskeMo onieprxkaHe piBHSHHS:
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|_%.

y'=p, p=ply) y'=pp; P= gy

3y-p-p+p?=0 | :p=y=#0;, 3y-p+p=0;

dp dp1.dy 1
3y_C=—p; [—=-2]-2; In|p|=—Zhy|+In[Cy
1 1 g 1
p=Cy 3; y=Cry 3; d—y=C1y 3
X
1 3 4
jy3dy:C11dx; Zy3=C1X+C2;

3
. 4(C1x+C»)\4 . . . .
Toni y = ((172)) — ekctpemaini, ne Ci, C; — A0BiIBHI CTAMTI.

BukopucraBmm kpaiioBi ymoBH, 3HaiiaemMo Cq 1 Cy:

3
400}y cye0

3
A(Cy-1+Cy)\4 4 4
( (C 2>j = R; §C1I:R3; C1=%R3I_1.

s

3

2 3
. 4 3 %_1 4 X 4
Toni Yy = gZR I x| =R T — JIOIIyCTUMA €KCTPpEeMalb.
OcCKiTbKM JIOTIyCTHMa €KCTpeMaib €AuHa 1 3 (I3UYHUX MIPKyBaHb
3

) X 4
BUIUJIMBAE, IO MOCTAaBJICHA 3ajladya Mae€ PO3B'SA30K, TO (QYHKITISA y:R(—j

BU3Haudae GopMy Tija 00epTaHHS 3 HAUMEHIIIUM OIIOPOM.

3

Bigmosine: Yy = R(Ii]‘l :

Mpuknan 8. Kopuctyrounchb MNOCUIIEHUMH JOCTAaTHIMH yMOBaMmu
Jlexxanapa, MOCHIIUTH Ha eKcTpeMyM (YHKIIOHAI MPHU 3aJaHUX KpanoBUX
yMOBaXx:

a) I[y]= (})ex(ZyZ +(y')2 )dx; y(0)=1 y(1)=e.

23



Po3B'a3adus:

3HaiiieMo MOoX1Hi, 10 BXOJISITh B piBHsIHHS Eiinepa:
1 1 2 1 . 1 1.
F(x, y,y)=ex(2y2 +(y") ) F'y=4e*y; F'y=2e*y";
d ( X X ) X
—F'y=2le"y+e y"|=2e" (y+y").
oy y+eXy (y+y")
Toni piBusinast Eitnepa F'y - ™ F'y'=0 naGysae Burisiy:
X

4e*y —2eX(y'+y'")=0; y"'+y'-2 =0.
Po3B'sxkeMo ocTaHHE PIBHSIHHSL:
k2 +k—2= 0 ki =L ko =-2;y= CleX + Cze—2x — eKCTpeMalti.
BuxopucTasiim kpaitoBi yMoBH, 3HaiaeMo C; 1 C,:

1=C1+C2; C]_:l;
e=Cie+Cre™2; Cy=0

OTXe, TOIyCTUMA eKCTpeMaib Yy =e” .
OCKUIBKH Ha JOIYCTUMIN eKcTpeMaii F'yry: = 2e* >0, mpu xe [0;1], TO

(dyHKIIOHAT Ma€e MiHIMyM. 3HaAeMO HOro 3HaAYCHHS:
y'=e*;F(x,y,y')= ex(z e 4 ezx): 3e3X;

1 1
i = | [ex]: 136 dx = 3 ; =31,

0

1 1
Binnosine: | pin =1 [ex]: j363XdX = eBX‘O = 63 -1.
0

6) 1ly]= ?%dx; y(0)=1 y(e)=1+In2.
0

Po3B’sg3a0us:

3HalaeMo MoXiaH1, 0 BXOAATh B piBHsAHHS Eitnepa:
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-y e_y e_y
F(xy,y)="—Fy=—"1'Fy=- ;
| Y (v)
d _, _y 1l Ly 1, e 2e7Y.yn
oY= (-1) y-—>5 ¢ (—2)'—,')’ =—t 3
dx (v 7 A A (%

.. . d
Tomi piBasinust Eitnepa F')— EF‘ ,»=0 HaOyBa€e BUITIAY:

e Y eV 207V .y o
— 3y =0; yy) =0
y oy (y)

Po3B'sxkeMo ocTaHHE piBHHHHSI 3a JOITOMOT OO BHMIKCHHSA ITOPAAKY:

: N : : d
y'=p; p=p(y)y'=ppp-p+ p2=0; p:—pJpr=—fdyi

In|p|=-y+INCy; p=Cie™Y; y'=Ce; [eYdy =CyJdx;

3Biacu e’ =Cjx+C,; y=(Cjx+C,) — excTpemati.
3naueHns C; i C, 3HalIEMO 3 KpaiOBUX YMOB:

1+In2=In(Cie+Cy) Cy=1.

Omxe, nonycTuMa ekctpeMaib Y = In (X + e).
CkopucTaeMocsi TOCUIIEHUMHU JOCTaTHIMU ymMoBamu Jlexxanpa:

n - 1 _3
F y'y' = Ze y ° (y ) .
Ha nomyctumiii excrpemani Y = In(x +€) maemo:

y':—l ; By v:2e_|”(x+e).(ij_3 =2(x+e)2 >0 mpu X €[0;e]
x+e' VY X+e o

OTxe, Ha i ekcTpemanl QyHKIIOHAT AOCsITae MIHIMyMYy. 3HaiIeMo
MOro 3HAYCHHS:

-1

| min = [In(x +e)]= ?1dx: e.
0

e
Binnosigs: |miy = [In(x+e)]=[ldx=e.
0
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2.3 3aBaaHHA AJIs1 CAMOCTIMHOIO ONPALIOBAHHSA

1. 3naiitu exkcTtpemani (QyHKIIOHATY, SKI 3aJ0BOJBHSIOTH 3aJaHUM
KpaloOBUM yMOBaM (JOMYCTHUMI €KCTpeMal):

1.1. |[y]=?1#y')2

dx; y(-1)=1; y(2) =

1.2. 1[y]= _?1(12xy - (y')z)dx; y(-1)=1 y(0)=0.

13 1B]= {7 + 20492 b i) = v -0

1.4 1[y]= Ty y o y0) = 0: ()=

L5. 1y]- e 0+ 1) y(0) -0 y) 0.

6. 1[y]= 2 -2y~ y(0) -0 yfE)-e ¥
17 1y]= (2P +1292 b yi) - y(2) .

1.8. 1[y]= i(w'+(y')2 )dx; y(0)=1 y(2)=0.

1.9. I[y]=i(w+y2—2y v bix y(0)=1; y(1) =2

110, 1ly]= -2 y(0)=0; y) -1

o(y)?

2. 3HaiiTn ekcTpeMalli (yHKITIOHATY, SIKI 3aJOBOJIBHSIOTh BKa3aHUM
KpailoOBUM yMOBaM (JIOITYCTHUM1 €KCTpEMaJri):

2.1. I[y]= i((y')z +(y")? )dx; y(0)=0; y'(0)=1 y(1)=shL y'()=chl.
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2.2. |[y]:i(360x2y—(y“)2)1x; y(0)=0;y'(0)=1 y@)=0;y'(Q)=

3. 3HaliTu ekctpemMalli (QyHKIIOHAaNTy, SKI 3aJ0BOJIBHSIOTh BKa3aHUM
KpailoBUM yMOBaM (JIOITyCTHUMI1 €KCTpEMaJIi):

3.1 I[y,z]= i((z)2 - )g/'z}ix;

yU)=1 z0)=% y(2)=-3 2(2):%
3.2. 1]y Z]=i((y')2 +2° +(z')2)jx

3.3.1]y,z]= i((y)2 - 2xyz')dx;

y(%)=2; z(%)=15; yO)=1 z(1)=1.

1

3.4. Iy, z]= j[ny—(y')2 +ﬁ]dx;

1 3

y(-1)=2; z2(-1)=-1 y@Q)=0; z(1)=1.
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